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lower bounds to asymptotic performance. In [I]-[7], variational
techniques were used to obtain the asymptotically optimal
quantizers and performance. In [9] and [lo], standard inequalities
(e.g., Holder’s inequality [II]) were used in lengthy arguments
to obtain upper and lower bounds to the asymptotically optimal
performance, but not asymptotically accurate approximations
(except in the known squared-error case).
In this correspondence, we show that in fact the optimality
results of Gish and Pierce can be obtained quite simply without
variational techniques by using Holder’s and Jensen’s inequalities
[II]. This greatly simplifies the proof and makes global optimality
obvious.
The assumptions on the distortion measure made here differ
only slightly from those of Gish and Pierce [l]; ours are somewhat
stronger in the case of minimum entropy, and somewhat weaker
in the case of minimum alphabet.
II. ASSUMPTIONS AND RESULTS

Our approach follows Berger [12, ch. 51 rather than Gish and
Pierce [I], as Berger’s approach leads to answers of a simpler and
more intuitive form. Let X be a random variable described by
a probability density function p(x) that is nonzero on the interval
(a, b). An N-level quantizer q is described by quantizer thresholds (or boundaries) a = To < T1 < - - - < Tnel < T, = b; the
quantizer levels (or points) f 1 < 322< - - - < 2,; and the relation
q(x) = ik,
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I. INTRODUCTION

Optimal quantizers minimize the transmission rate required
to meet a Bpecified average distortion (or conversely) where
transmission rate is measured either by the logarithm of the
number of quantizer levels or the entropy of the quantizer output.
Gish and Pierce [I] developed asymptotically accurate approximations to the average distortion and output entropy of a
quantizer with a large number of levels. Variational techniques
were then applied to these approximations to obtain the optimal
performance in the sense of minimizing the rate subject to an
average distortion constraint. This work generalized approximations arid optimal performance developed for special cases
(usually squared-error distortion measures) by Panter and Dite
[Z], Lloyd [3], Roe [5], Algazi [6], and Wood [7]. Similar asymptotic results were obtained by Elias [8] using different distortion
measures (not depending on the actual value of the source, but
only on which quantization interval it appears in) and by
Schutzenberger [9] and Zador [lo] who developed upper and
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The distortion resulting from reproducing a letter x as another
letter y is assumed to be of the form L(x - y), where

Abstract-Asymptotically
accurate approximations
for quantizer performance were developed by Gish and Pierce. Variational
techniques
were used to obtain asymptotically
optimal performance. In this correspondence,
optimal performance
is demonstrated simply without variational
techniques using Holder’s and
Jensen’s inequalities.
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1) L(0) = 0
2) L ( CY)is an increasing function of 1(YI,
3) the function M(u), defined by

is convex U.
Assumption 3) is somewhat stronger than the initial GishPierce [l] assumption that,uM’(u) is monotonic. Since 3) implies
that vM’(u) is monotonic, convexity of M implies the Gish-Pierce
condition and hence the applicability of their asymptotic approximations. Note that both sets of assumptions include uth law
distortion measures.
When N is large, let N(x)& denote the number of quantization levels between x and x + dx, and let N - 03in such a way
that
lim NO
N-m N

= X(z)

exists for all x, i.e., X(x) is the asymptotic level density. Note that
since X(x) is a density function,
N

s a

” X(x) dx = number of quantization levels in [&CC],

and

r”h(x)

dx = 1.

(1)

By changing variables in the Gish-Pierce result, or by a
straightforward generalization of Berger [ 12, p. 1731,we have that
for large N
EGb

- q(n))) = 1” dxp(x)M(l/(Nh(x)))
a
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= -lWfWWX(X)))l

(2a)
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H = - c Pr(&) log Pr(bfk)
k=l

1 h(p) ‘+ log N + j- dxp(x)

log X(x)

= h(p) - E log (lI(NX(X)))

(2b)

where h(p) is the differential entropy
h(P)

= -s

dnp(x)

logp(r).

(3)

For the special case of L(a) = c?, similar approximations are
obtained in [2]-[7].
Gish and Pierce [l] find the optimum quantizer minimizing
the rate subject to a constraint on E(L(X - 4 (X))). A complete
proof involves solving the Euler-Lagrange equations for a stationary point and then demonstrating that it is unique and corresponds to a minimum. Alternatively, if we require
EtLtX

- q(X))) = A,

then Jensen’s inequality [ll] yields
H z h(p) - E log (lI(NX(X)))

I h(p) - log E(l/NX(X))

(4)

and
A P E(M(l/(NX(X))))

I M(E(lI(NX(X)))
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(5)

or
M-‘(A)

1 E(l/(NX(X)))

(6)

whence
H 2 h(p) - log M-‘(A)

(7)
with equality if and only if X(x) is constant. Hence, (7) gives a
lower bound on H which,is achievable by X(x) = (b - a)-1, x E
[a, b], i.e., by a uniform quantizer. This is a simple proof of (21)
of Gish and Pierce for a slightly less general case.
Alternatively, if transmission rate is measured by log N and
L(a) = ( LY( y, then (1) and application of Holder’s inequality [ 1 l]
to (2a) or Berger’s (P5.8.1) [12, p. 1731 yield

1
ab p(x) X-$x) dx )(~“Xtr)dx)”
= (u + 1)(2N)” (S
1
bd+(p(x) X(X)-~)~‘~+V A(x)~/‘+‘)~+”
2 (Y + 1)(2N)” (S a
b
1
dx p(x)l/l+u
I+’
= (Y + 1)(2N)” (S a
>

(8)

(9)

with equality if and only if
A(x) = p(x)l’l+u
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a
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This result is a generalization of the minimum alphabet result
for u = 2 in Max [4] and Gish and Pierce [I]. This generalization
is reported without proof by Berger [12, p. 1731.
The methods used here to demonstrate optimality can also be
applied to study quantization for a different class of distortion
measures called integrated sensitivity measures which arise in
speech compression [13].
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Abstract-Walsh-type
signals exciting memoryless power-law
systems are considered. The input is assumed to consist of a sum of
weighted Walsh functions. A method is given for finding the weights
of the Walsh functiohs in the output when the input is a finite Walsh
series. It is shown that the fast Walsh transform
can be used to facilitate the necessary computation.

I.

with equality if and only if X(x) is proportional top(x)l’l+U. Note
that for the case v = 1, (8) is the Cauchy-Schwartz inequality.
Thus, if we require E( IX - q(X) IV) = A, then
N>_~(~(~bdxp(~)l/l+~)l+‘)l’”

Walsh Analysis of Power-Law

INTRODUCTION

In this paper, Walsh analysis of power-law systems (devices)
is considered. The class of inputs is restricted to those signals that
can be described as sums of weighted Walsh functions [l] of indicated sequencies; i.e. Walsh-type signals. The output is in turn
described by another sum of Walsh functions. In general, the
output contains sequencies that may be different from those
appearing at the input. It may, however, contain some or all of
the input sequencies. However, under certain conditions the
system output sequencies are the same as the input sequencies,
with different weights. This occurs when a set of sequencies is
suitably chosen as S, = (n: 0 < n < N - 1; N = 2k, k = positive
integer). This latter condition may be imposed when the input
process, over a finite (time) interval, can be described by a
truncated Walsh series. Consequently, it becomes of interest to
determine the output (sequency) coefficients in terms of the
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